In this study, Navier's solution for the analysis of simply supported rectangular plates is extended to consider rigid internal supports. The proposed method offers a more accurate solution for the bending moment at the critical section and therefore serves as a better analytical solution for design purposes. To model the plate-support interaction, the patched areas representing the contact between the plate and supports are divided into groups of cells. The unknown internal reactions at the centers of the divided cells are obtained by satisfying the compatibility conditions at the centers of the cells. Three numerical examples are presented to demonstrate the accuracy of the proposed analytical solution. The given examples reveal good agreements with those obtained by the finite element analysis. In addition, they show the advantage of the new solution as compared to the existing analytical solution which inaccurately estimates the location and magnitude of the maximum bending moment.
Introduction
Most of the international codes for the design of concrete structures give outlines for the design of slabs with regular layouts of internal supports. Availability of irregular layout and shapes of the internal supports is very common in engineering practice. Simply supported edges and internal supports can be found in common cases such as flat slabs with spandrel beams and load bearing structures with internal supports as shown in Figure 1 .
The series-based solution is one of the most common early established methods for the analysis of plates, but less effort has been given to the analysis of internally supported plates. These series-based solutions have been well summarized in [1] based on Navier's and Levy's methods. Analysis of internally supported plates has also been covered in [1] for the assumptions that the layout is regular and the columns are to be treated as point reactions. This later assumption gives an infinite bending moment at the point of the support leading to an approximate procedure to treat the singularity of the bending moment at the center of the support as explained in [2] . This approximation, however, leads to a maximum bending moment at the center of the support instead of the face of the support as proven here by both proposed and finite element solutions.
Numerical methods, on the other hand, give more flexibility for the layout of the internal supports and the supporting conditions of the plate edge. The finite element method (FEM) is probably the most widely used method for solving a wide range of problems in structural engineering as demonstrated by the availability of numerous commercial software packages. One of the recent numerical methods attracting interests of the research community is the boundary element method (BEM), which has been used by many researchers to solve the present problem [3] [4] [5] [6] [7] [8] [9] [10] [11] . In these studies, different plate shapes, different shapes of the internal supports, and different boundary conditions have been considered. The direct boundary element method (DBEM) has been used in [12] for the analysis of complete frame consisting of a floor slab, walls, and columns with flexible and rigid conditions. A coupling of flexibility and boundary element methods has been employed in [13] to account for flexibility of the internal 2
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Bearing wall supports. A special BEM method was used in [14] for the analysis of building floor slabs. In this method, the columns are assumed to remain flat under loading conditions. The existing Navier solution is restricted to simply supported plates without internal supports. Introducing the internal supports makes the problem statically indeterminate to a degree equal to the number of internal supports and the analytical solution becomes too difficult to obtain. In order to accurately model the plate-internal support interaction, the plate-support contact areas are divided into groups of cells. The procedure leads to internal reactions equal in number to that of the divided cells. The reactions are then determined by satisfying the zero deflection at the centers of the cells. The results of the proposed method show a reasonable agreement with the FEM results.
Formulation
In the first part of this section, the formulation of Navier's solution is presented. The formulation leading to the solution of the reactions at the internal supports and hence the complete solution is discussed in the second part.
The Plate Problem.
Consider a simply supported rectangular plate subjected to a distributed load ( , ) as shown in Figure 2 .
The general differential equation is given by
where is the deflection of the plate, is the applied load, and is the flexural rigidity of the plate. The solution of the above biharmonic differential equation requires two boundary conditions per each side of the plate. It is common in building frames to use flat plates with spandrel beams and internal supports or in load bearing structures to have a flat plate with internal columns or walls as shown in Figure 1 . Therefore the deflection of the plate can be assumed to be zero at its boundary. Furthermore, the plate is allowed to rotate about an axis parallel to each side; that is, the plate has no resistance for normal bending along each side. These boundary conditions can be expressed mathematically by the following equations:
where and are the side length of the plate along and , respectively, as shown in Figure 3 . The load ( , ) can be expanded using Fourier's series as follows:
where the amplitude is given by
Similarly, the deflection due to applied load ( , ) can be approximated by
Substitution for the approximated given by (5) in the general differential equation given by (1) along with (3) and (4) yields an expression for the amplitude of the deflection:
Plate-Support Interaction.
Since the material is assumed to be linearly elastic, the superposition principle can be used to obtain the solution of the plate due to applied load ( , ) and the reactions from the internal supports. The internal supports are modeled using the actual patched area of the support in order to accurately satisfy the compatibility of the deflection between the plate and the support. The patched area is divided to cells assuming that the reaction over each cell is distributed uniformly over the area of the cell and the deflection vanishes at the center of each cell.
Dividing the support ( ) into a group of cells ( ) produces a group of reaction forces ( , 1, ) over the cells of the support ( ) as shown in Figure 3 . These reaction forces produce a uniform stress over the area of each cell as represented by
where and V are the sizes of the cell area; is the total number of the cells of the internal supports. Expanding using Fourier's series
Following the same standard procedure, the amplitude of the cell load can be obtained from
Using (7) in (9) and carrying out the integration, we get
The amplitude of the defection due to the pressure can be obtained by the replacement of in (6) by ; that is,
So the deflection due to the pressure is given by
The total deflection can be obtained by superimposing the deflections due to the distributed load ( , ) and the cell reaction forces ; that is,
Equation (13) involves the unknowns , = 1, , which can be determined by satisfying the zero-deflection condition at the centers of the cells; that is,
Once (14) is solved for the support reactions , the complete solution can be obtained from (13) . A convergence analysis is needed to decide on the number of the terms after which the series solution given by (13) is truncated. The convergence analysis has been carried out in this study for all examples. However, the convergence results have been presented for Example 1 only.
Numerical Examples
Application of the proposed method is illustrated through the following three examples. The results are compared with those obtained by the finite element method (FEM) and the approximate solution available in [1] .
Example 1 (simply supported square plate with one rigid column). A square plate with one square column as shown in Figure 4 is selected to study the convergence of the solution for both the number of series terms and the number of cells employed. The column is considered to be infinitely rigid at the zone of plate-column contact. The Poison ratio is = 0.3 and the size of the column is = V = /10.
To study the series convergence, different number of terms in the series are selected as shown in Tables 1 and 2 . As represented by bolded results in Table 1 , the deflection converges very quickly with lower number of cells per the support but converges with a slower rate when more cells are used to model the column. This is mainly due to the fact that approximation of a patched load over a very small area using Fourier's series requires a large number of terms to get closer to the exact load function.
A similar trend but with a slower convergence rate is observed for the bending moment solution as shown in Table 2 . In order to assess the results, a FEM model with 163220 domain elements and 1605 boundary elements has been used to solve the problem. Figures 5 and 6 compare the two solutions for the deflection and bending moment , respectively. Figure 6 shows that at least 16 cells per support area have to be employed in order to satisfy the zerodeflection condition over all the patched area of the support with a reasonable accuracy.
Advances in Civil Engineering
The comparison for the bending moment results is given in Figure 6 , which shows that an accurate estimate of the bending moment at the support face can be obtained even with a very small number of cells. The same cannot be said of the results at the center of the support. This is due to the Advances in Civil Engineering 5 fact that the assumption of the support being rigid requires too many cells in order to satisfy the zero deflection (and therefore, zero bending moment) at enough number of points within the support. This difficulty has been overcome in the FEM solution by using a very fine mesh at the support. It should be noted, however, that, in design practice, the critical bending moment, which is located at the face of the support, is more important and can be obtained very accurately by the proposed method with a 16-cell discretization.
Example 2 (simply supported square plate with four point supported internal rigid columns). A simply supported square plate with four internal columns as shown in Figure 7 is subjected to a uniformly distributed load . Poison's ratio is = 0.2 and the size of the column is = V = /4.
In order to compare the results of this example with those given in Timoshenko's book [1] , the plate is assumed to be restrained at a single point over each column and therefore, one cell is enough to apply the proposed method. Table 3 presents the results of the bending moment = 2 as obtained by the proposed method, the finite element method, and the approximate analytical solution [1] .
The results clearly show that the results of the proposed analytical solution are much closer to those of the FEM solution with a maximum difference of 3.3%. On the other hand, the results of the approximate analytical solution [1] , however, Figure 10 shows that, at the section = , there is a good agreement between the two solutions at the face of the support and some variation at the middle of the support. This is attributed to the same reason explained for the results of Figure 6 in Example 1. As explained earlier, the agreement between the two solutions at the face of the support is more important since it represents the location of the maximum bending moment. The variation within the support can be improved by employing larger number of cells in the proposed method but from both practicality and economy viewpoints such effort is not justified. Figure 11 shows that there is an excellent agreement between the two solutions at a location away from the supports.
Conclusions
A simple analytical solution has been developed for the bending of simply supported rectangular plates with rigid internal supports. The solution is more accurate than the available analytical solution given in Timoshenko's book and can offer alternative method for the design of floor slabs. The results shown are in excellent agreement with the FEM at the critical locations, namely, the faces of supports. The deviation between the two solutions at the center of supports has no significance because the design codes are based on the maximum moment which is taken at the face of support/column. The proposed method can be easily extended to the solutions of plates with arbitrary layouts of the internal supports.
